Introduction
If Q is a quaternion algebra over a field k, we know from Witt that Q is determined by its norm [15, §1.7] . This result has been extended over rings by prop. 4.4] , [9, V.4 
.3.2]) and holds actually over an arbitrary base ( §2).
If C is a octonion algebra over k, we know from van der Blij-Springer that it is determined by its norm form [1, claim 2.3 ] (see also [15, §1.7] ); more generally it is true over local rings (Bix, The goal of this note is to produce a counterexample to this question, namely an example of two non-isomorphic octonions algebras over some commutative ring R having isometric norms. Our argument is based on the study of fibrations of group schemes and uses topological fibrations which makes clear why it holds for quaternion algebras and not for octonions.
For the theory of reductive group schemes and related objects (e.g. Lie algebra sheaves, homogeneous spaces, quadratic spaces, ... ) we refer to SGA3 [14] and to the book by Demazure-Gabriel [5] . The sheaves in sets or groups are denoted as F and are for the fppf (also called flat) topology over a base scheme S.
By twisting by the torsor E, it provides a closed S-immersion
where PGL 1 (Q) stands for the group scheme GL 1 (Q)/G m of projective units.
On the other hand, the orthogonal S-group O(Q, Nrd) acts on SL 1 (Q) = Ker(GL 1 (Q)) → G m ) by the action induced from the standard action of GL 1 (Q) on Q.
Proposition.
(1) The S-scheme SL 1 (Q) is a left homogeneous space (with respect to the flat topology) under the action of SO(Q, Nrd) and a fortiori under the action of O(Q, Nrd).
(2) The orbit map
Proof. We put G/S = SO(Q, Nrd), H/S = PGL 1 (Q) and X/S = SL 1 (Q).
(1) We have to check the definition [14, IV.6.7] , namely to establish the properties
is an epimorphism of flat sheaves; (b) f : X → S has sections locally with respect to the flat topology.
The condition (b) is obvious in our case since f has a global section given by the unit of X = SL 1 (Q). Condition (a) will follow of the following stronger condition:
(c) X(T ) is homogeneous over G(T ) for each S-scheme T .
We are given T /S and a couple of quaternions q 1 , q 2 ∈ X(T ) of reduced norm one. We put q = q 2 q −1
where PGL 1 (Q) embeds by h in SO(Q, Nrd).
where Z/2Z is the Ssubgroup O(Nrd) defined by the canonical involution.
Proof. We have to show that the Dickson map D : O(Q, Nrd) → Z/2Z is split by applying 1 to the canonical involution. To check that the Dickson invariant of the canonical involution is 1, we can reasonétale locally, that is to check it for each strict henselization O sh S,s where s is a point of S. In particular, it enables us to assume that Q is the split quaternion algebra which is defined over Z.
We can then deal with S = Spec(Z) and Q = M 2 (Z) and it remains to show that D(σ) = 1 where σ is the canonical involution of M 2 (Z). It is enough to check it over Q and then the Dickson invariant is nothing but the determinant by means of the identification (Z/2Z) Q ∼ = µ 2,Q [5, III.5.2.6]. The basis
is a diagonalization basis for σ whose eigenvalues are 1, −1, −1, −1. The determinant of σ is then −1, as desired.
If follows that we have an isomorphism of homogeneous O(Q, Nrd)-spaces
Then Q ′ is isomorphic to Q if and only if the quadratic S-form Nrd and Nrd ′ are isometric.
Proof. Since H 1 (S, PGL 1 (Q)) classifies S-quaternion algebras and H 1 (S, O(Q, Nrd)) classifies the isometry classes of nonsingular quadratic forms of dimension 4, it follows that the kernel of the map
classifies the isomorphism classes of quaternions S-algebras such that the quadratic S-form Nrd and Nrd ′ are isometric. By applying [7, III.3 
By proposition 2.2, the map f admits a retraction so that the kernel of Nrd) ) is trivial, as desired.
2.5. Remark. Knus-Ojanguren-Sridharan's proof uses the even Clifford algebra of the norm forms to encode the algebra. Somehow we use also the Clifford algebra by means of the Dickson invariant which is in the case related to the fact that the simply connected cover of SO(Q, N Q ) is SL 1 (Q) × S SL 1 (Q).
Octonion algebras and norms
Let R be a commutative ring (with unit). From §4 of [11] , a nonassociative algebra C over R is called an octonion R-algebra 2 if it is a finitely generated projective R-module of rank 8, contains an identity element 1 C and admits a norm, i.e. a map n C : C → R satisfying the two following conditions:
(1) n C is a nonsingular quadratic form;
This notion is stable under base extension and descends under faithfully flat base change of rings.
The basic example of an octonion algebra is the split octonion algebra (ibid, 4.2) denoted C 0 and called the algebra of Zorn vector matrices, which is defined over Z. There is another description of this algebra in §1.8 of [15] over fields by the "doubling process". It actually works over Z, we take
with multiplication law (x, y).(u.v) = (x u + v σ(y), σ(x)v + u y) (σ is the canonical involution of M 2 (Z)) and norm n C ′ 0 (x, y) = det(x) − det(y). We know that the fppf Z-group sheaf Aut(C 0 ) ∼ = Aut(C ′ 0 ) is representable by an affine smooth group Z-scheme Aut(C 0 ) [11, 4.10].
3.1. Proposition. The Z-group scheme Aut(C 0 ) is the Chevalley group of type G 2 .
Proof. Let us first show that Aut(C 0 ) is a semisimple group scheme of type G 2 , that is by definition a smooth affine group scheme whose geometrical fibers are semisimple groups of type G 2 [14, XIX] .
The fibers of the affine smooth group Z-scheme Aut(C 0 ) are indeed semisimple groups of type G 2 according to theorem 2.3.5 of [15] . Hence Aut(C 0 ) is a semisimple group scheme of type G 2 . By Demazure's unicity theorem [14, cor. 5.5 ] the Chevalley group of type G 2 is the unique split semisimple group scheme of type G 2 , that is the unique semisimple group scheme of type G 2 admitting a split torus of rank two. Since PGL 2 × PGL 2 embeds in Aut(C ′ 0 ), Aut(C ′ 0 ) contains a two dimensional split torus. Thus Aut(C 0 ) ∼ = Aut(C ′ 0 ) is the Chevalley group of type G 2 . We come now to the question whether an octonion algebra is determined by its norm. Let C be an octonion algebra over R. We have natural closed group embeddings of group schemes
We get a map in cohomology
The left handside classifies octonion algebras over R while the right handside classifies 8-dimensional nonsingular quadratic R-forms. By descent, we have
for each octonion R-algebra C ′ . It follows that the kernel of j * classifies the octonion algebras over R whose norm form is isometric to n C .
3.2.
Lemma. The fppf quotient O(n C )/ Aut(C) is representable by an affine scheme of finite presentation over R.
Proof. According to [4, 6.12] , the fppf quotient GL(C)/ Aut(C) is representable by an affine scheme of finite type over R. It is of finite presentation over R by the standard limit argument [14, VI B .10.2]. In the other hand, the fppf sheaf GL(C)/O(n C ) is representable by an affine scheme of finite presentation over R [16, lemme 2.26]. Therefore the "kernel" O(n C )/ Aut(C) of the natural map GL(C)/ Aut(C) → GL(C)/O(n C ) is representable by an affine scheme of finite type.
We denote by A(C) the coordinate ring of the affine scheme O(n C )/ Aut(C).
3.3. Theorem. Assume that R is a non trivial Q-ring. Then the Aut(C)-
is not trivial, so that ker(j * ,A(C) ) is not trivial.
3.4.
Remark. By inspection of the proof, the result holds also for SO(n C ) → SO(n C )/ Aut(C). If R = C, it provides then a counterexample over a connected smooth complex affine variety.
Let us do first a special case.
3.5. Proposition. Let C/R be the "compact" Cayley octonion algebra. Then theorem 3.3 holds is this case.
Proof. In this case G = Aut(C)/R is the anisotropic real form of G 2 and we consider its embedding in the "compact" O 8 . We reason by contradiction assuming that the G-torsor We can proceed to the proof of theorem 3.3.
Proof. We claim that the above counterexample survives when extending the scalars to C. According to the Cartan decomposition, there are homomeor-
In other words, theorem 3.3 holds for the case R = Spec(C) and C = C 0 . It holds over Q and over an arbitrary algebraically closed field of characteristic zero.
For the general case, we consider a morphism R → F where F is an algebraically closed field. Since the Aut(C)
Concluding remarks. (1) The rings occuring in the examples are of dimension 14. The next question is to know the minimal dimension for the counterexamples. M. Brion communicates us a smaller example, say over the complex numbers. Since the action of map G 2 on the complex octonions C preserves 1 C and the octonions of trace 0, the map G 2 → SO 8 takes value in SO 7 ⊂ SO 8 . A fortiori the G 2 -torsor SO 7 → SO 7 /G 2 = Spec(B) provides an example of a non trivial octonion algebra over B having trivial norm. The dimension of B is then 7. Also the homogeneous space SO 7 /G 2 occurs as the complement of a smooth quadric in P 7 . Let us explain this geometric fact. Firstly the map G 2 → SO 7 lifts in G 2 → Spin 7 . The spinorial action of Spin 7 on C 7 has been investigated by Igusa [8, prop. 4] . The Spin 7 -orbits in C 7 are 0, the orbit of a vector of highest weight and a one parameter family of closed orbits with stabilizers G 2 , defined by an equation g(x) = t where g is an invariant quadratic form. It follows that the induced action of SO 7 on the projective space P 7 has two orbits, one open SO 7 /G 2 and one closed which is a smooth projective quadric.
(2) For the ring Z, van der Blij-Springer showed that there are only two octonions algebras and having distinct norm forms [1, §4] (see also [3] ). Hence octonion algebras over Z are determined by their norms. For other rings of integers, it seems to be an open question.
